Virial mass is used as an estimator for the mass of a dark matter halo. However, the commonly used constant overdensity criterion does not reflect the dynamical structure of haloes. Here we analyze dark matter cosmological simulations in order to obtain properties of haloes of different masses focusing on the size of the region with zero mean radial velocity. Dark matter inside this region is stationary, and thus the mass of this region is a much better approximation for the virial mass. We call this mass the static mass to distinguish from the commonly used constant overdensity mass. We also study the relation of this static mass with the traditional virial mass, and we find that the matter inside galaxy-size haloes (M ≈ 10 12 M ⊙ ) is underestimated by the virial mass by nearly a factor of two. At z ≈ 0 the virial mass is close to the static mass for cluster-size haloes (M ≈ 10 14 M ⊙ ). The same pattern -large haloes having M vir > M static -exists at all redshifts, but the transition mass M 0 = M vir = M static decreases dramatically with increasing redshift: M 0 (z) ≈ 3 × 10 15 h −1 M ⊙ (1 + z) −8.9 . When rescaled to the same M 0 haloes clearly demonstrate a self-similar behaviour, which in a statistical sense gives a relation between the static and virial mass. To our surprise we find that the abundance of haloes with a given static mass, i.e. the static mass function, is very accurately fitted by the Press & Schechter approximation at z = 0, but this approximation breaks at higher redshifts z ≃ 1. Instead, the virial mass function is well fitted as usual by the Sheth & Tormen approximation even at z 2. We find an explanation why the static radius can be 2-3 times larger as compared with the constant overdensity estimate. The traditional estimate is based on the top-hat model, which assumes a constant density and no rms velocities for the matter before it collapses into a halo. Those assumptions fail for small haloes, which find themselves in environment, where density is falling off well outside the virial radius and random velocities grow due to other haloes. Applying the non-stationary Jeans equation we find that the role of the pressure gradients is significantly larger for small haloes. At some moment it gets too large and stops the accretion.
INTRODUCTION
The currently accepted paradigm of hierarchical clustering (White & Rees 1978 , Blumenthal et al. 1984 provides a picture of assembly of dark matter haloes in which more massive haloes are formed through merging and accretion of smaller ones. This picture is supported for example by recent observations of ongoing mergers in clusters (e.g. van Dokkum et al. 1999 , Rines et al. 2007 ). The theoretical framework of the cold dark matter (CDM) has been proved successful in the description of the structure formation in the Universe from tiny ⋆ E-mail: ajcv@iaa.es fluctuations in the primordial density field (see Primack 2003 for a review) . This model has received support from many different observations, in particular of the gravitational lensing effect (Smith et al. 2001 , Guzik & Seljak 2002 , Kneib et al. 2003 , Hoekstra et al. 2004 , Sheldon et al. 2004 , Mandelbaum et al. 2006 , CMB (Spergel et al. 2007 ), the abundance of clusters (Pierpaoli et al. 2001 , Gladders et al. 2007 , and satellite dynamics (Zaritsky & White 1994 , Prada et al. 2003 . Cosmological simulations with ever increasing resolution play important role by making accurate predictions of different properties of dark matter haloes. Results of those simulations are used by other methods. For example, semi-analytical models of galaxy formation have been either incorporated into N-body simulations or use statistics such as halo mass function and merging trees, which were calibrated and tested using the simulations (e.g. Somerville & Primack 1999; Croton et al. 2006) . The simulations reveal important information about the internal structure of dark matter haloes (e.g. Navarro et al. 1997 , Taylor & Navarro 2001 which is reflecting their underlying dynamics.
Many results of simulations implicitly use some definition of what is the size and mass of a collapsed dark matter halo. The problem is that there is no well-defined boundary of a halo: density field is smooth around the halo. The common prescription for this boundary (and hence the mass belonging to the halo) is defined through the spherical collapse model (Gunn & Gott 1972 , Gunn 1977 . The size of the halo at redshift z is given by the half of the radius of the spherical shell at turnaround which is collapsing at that redshift. This is the virial radius. Thus, it is very common to measure the mass of haloes in cosmological simulations taking the particles inside a sphere of fixed spherical overdensity or to take those particles which are connected by a inter-particle separation below a given value (the friendsof-friends algorithm). We note that there is little justification for using the top-hat collapse model. Haloes do not collapse from perfect spherical homogeneous distribution. The environment of haloes is typically very non-spherical with most of accretion happening from few elongated filaments. The random velocities of the accreted matter also cannot be neglected. As the fluctuations collapse, the dark matter, which is being accreted, increases it rms velocities. This effective pressure should affect the accretion rate. The only motivation for using the top-hat model comes from simulations. Indeed, early simulations indicated that the radius of overdensity 178 is close to the virial radius (Cole & Lacey 1996) : "the radius r178 approximately demarcates the inner regions of haloes at r r178 which are in approximate dynamical equilibrium from the outer regions at r r178 which are still infalling". Thus, the radius of overdensity 200 (≈ 178) became the virial radius. The reason why this was a good approximation is simply coincidental: the early simulations were mostly done for cluster-size haloes and, indeed, for those masses the virial radius is close to the radius of overdensity 200. The early models were flat models without the cosmological constant. Models with the cosmological constant have produced significant confusion in the community. The top-hat model must be modified to incorporate the changes due to the different rate of expansion and due to the different rate of growth of perturbations (see Primack 1997) . That path produced the so called virial radius, which for the standard cosmological model gives the radius of overdensity relative to matter of about 340 ). Still, a large group of cosmologists uses the old overdensity 200 relative to the critical density even for the models with the cosmological constant.
In this paper, we cast some light on this subject by searching for a physical extent of dark matter haloes, which is related to the physical processes that occur around collapsed structures. Prada et al. (2006) provided first results, which indicated that spherically averaged, mean radial velocity profiles show an inner region in which there is no net infall or outflow. The size of this region in virial units is mass-dependent: for galactic-size haloes it may even reach three times the virial radius. We use this result to study the properties of the mass inside this region and in particular, to determine the redshift evolution of such mass. Recent effort (Wechsler et al. 2002 , Zhao et al. 2003 has been devoted to the analysis of the evolution of virial mass inside dark matter haloes, sometimes referred to as the mass accretion history. However, the picture presented in these works has been recently put into question. The analysis of the mass inside a fixed physical radius has revealed that galaxysize haloes experience unphysical growth of their virial mass (Diemand et al. 2007 ). The mean background density decreases as the Universe expands, making the virial radius to increase even in the case of no accretion or mergers. This is clearly an artifact of the definition. Other works realized this issue, for example, the evolution of the spin parameter when the matter inside a fixed radius is taken into account differs from that when using the evolving Rvir instead (D'Onghia & Navarro 2007) . On the other hand, there is another effect apart from accretion and merging, which has not been taken into account: haloes may also grow via relaxation of the surrounding regions near them. This is an important effect as it is a reflection of the dynamical processes which are turning non-virialized mass in the outskirts of a halo into the mass associated to it. Moreover, the long-term evolution of dark matter haloes show an interesting feature for ΛCDM cosmologies: their mass turns out to converge to an asymptotic value which depends on the definition of mass, as pointed out by Busha et al. (2005) . Thus, it is desirable that the mass of a halo is measured using a virialization-based criteria (see Macciò et al. 2003 for an interesting approach), instead of using boundaries of a given overdensity.
The interest of the measurement of the physical mass associated to dark matter haloes is not only theoretical. Indeed, it may have a great impact on the number of collapsed objects in a given range of mass, i.e. the mass function (White 2001) . Besides, it is of great importance for the process of formation and evolution of galaxies, and, hence, it is relevant for the results obtained from semi-analytical modelling of galaxy formation (e.g. Croton et al. 2006) , to predict the main properties of observed galaxies. Thus, it turns out to be mandatory to bring attention on the mass belonging to a halo, if accurate predictions of the physics behind galaxies from cosmological simulations are to be drawn. This paper is organized as follows: in Section 2 we describe the set of cosmological simulations used in our analysis and the properties of the halo samples. In Section 3 we present the definition of static mass and how it is related to objects of different sizes. A brief analysis of equilibrium in this context is presented in Section 4. The scaling properties of the static to virial mass relation with redshift are shown in Section 5, together with a simple model derived from this scaling relation. We obtain the static mass function and compare it with analytical models in Section 6. In Section 7 we present the evolution of the static mass tracking the halo progenitors. We discuss our results in Section 8 and present our conclusions in Section 9.
N -BODY SIMULATIONS AND HALO SELECTION
We use four different high-resolution ΛCDM simulations, which were run using the Adaptive Refinement Tree (ART) code (Kravtsov et al. 1997) . These cosmological simulations are selected in order to span a broad range of halo masses with very good statistics of the number of haloes. The values of the cosmological parameters are Ω0 = 0.3, Ω bar = 0.045, ΩΛ = 0.7, σ8 = 0.9 and h = 0.7. Main simulation parameters may be found in Table 1 . The resolution and the halo mass range covered by these simulations allow us to perform a detailed analysis of the properties of dark matter haloes with very good statistics. Dark matter haloes are identified using the Bound Density Maxima halo finder (BDM, Klypin et al. 1999) . In order to resolve the inner structure and dynamics of dark matter haloes, only haloes which enclose more than 2, 000 particles inside the virial radius at z = 0, were chosen. We take into account all the mass (both bound and unbound particles) inside the virial radius of the halo. This radius is defined here as the radius of the sphere enclosing an overdensity given by Bryan & Norman (1998) , i.e.:
In Figure 1 we plot the virial mass function of dark matter haloes over five orders of magnitude. Here the error bars represent the Poissonian error, showing very good statistics for all except for the highest mass bins. The different symbols shows which simulation is used for each mass bin. The relation between mass bins and simulations depends on the fact that we only choose haloes enclosing more than 2, 000 particles inside the virial radius at z = 0. If two different simulations pass this constraint, then we choose the one with highest statistics. As previously shown (e.g. Sheth et al. 2001) , the virial mass function in cosmological simulations is well fitted by the Sheth and Tormen function if a ≃ 0.707 (Sheth & Tormen 1999, hereafter ST) in the mass range under study. These four simulations, as mentioned above, cover a broad range in mass, from 10 10 h −1 M ⊙ low mass haloes to cluster-size haloes with nearly 10 15 h −1 M ⊙ . In order to select a sample of haloes for our analysis, we take all the haloes whose centres are not inside the virial radius of a larger halo (hereafter distinct haloes). This criterion reduces strong environmental effects: internal dynamics of haloes is less affected by massive neighbours.
STATIC MASS OF DARK MATTER HALOES
In this Section we introduce and motivate our definition of static mass. When using cosmological simulations, it is common to define the mass belonging to dark matter haloes in terms of a given spherical overdensity or inter-particle distance. However, so far, it is computationally challenging to define a real virial mass, i.e. the mass which is showing features of statistical equilibrium, for a large number of haloes. This has to be kept in mind, if accurate results are to be found, although there is some kind of agreement between different definitions based on overdensity (White 2001) . A particular case in which an overdensity-based definition may fail in providing a faithful description of dark matter haloes is the mass accretion history. Figure 2 clearly demonstrates this. Here we show the evolution of the density profile of a very high resolution (more than two million particles inside the virial radius) galaxy-size halo from our cosmological simulation Box20, which has a better spatial (0.152 h −1 kpc) Figure 1 . The virial mass function using cosmological simulations listed in Table 1 . The error bars inside the symbols represent the Poissonian error. The analytical mass function of Sheth and Tormen provides a very good fit for our data.
and mass resolution (6.14 × 10 5 h −1 M ⊙ , using 8.98M particles) with the same cosmological parameters as the simulations mentioned above. It is clear that the density profile does not evolve in a significant way from z = 1 to z = 0, as already pointed out by Diemand et al. (2007) . Nonetheless, the virial radius varies by about a factor of two as marked with vertical lines in Figure 2 . This growth of the virial radius is obviously an artifact of overdensity-based mass that does not reflect the real accretion of mass in the halo but the evolution of the mean matter density of the Universe, ρm(z) = (1 + z) 3 ρm,0. Therefore, a detailed analysis of the structure of dark matter haloes may prove to be valuable in the search for the virialized regions of the haloes. For example, the study of the radial phase-space diagram provides some insights on halo structure. In Figure 3 we show the radial velocity pattern of dark matter particles inside haloes of different masses taken from our simulation boxes. The top, middle, and bottom panels are for a low-mass halo with Mvir = 2.9×10 11 h −1 M ⊙ , a galactic-size halo of mass Mvir = 1.4 × 10 12 h −1 M ⊙ and a cluster-size halo with Mvir = 1.3×10 15 h −1 M ⊙ , respectively. About 20 per cent randomly selected particles are shown for the low-mass halo and the galactic-size halo, and 100 per cent for the cluster-size halo. The structure of haloes in phase-space was already discussed in Busha et al. (2005) . In the inner parts the average radial velocities are zero. Around the virial radius there are some signs of infall or outflow, as it will be discussed below. At large distances, the Hubble flow is the most remarkable feature, except for some spikes showing the presence of neighbouring haloes. This plot shows a substantial difference in the structure of dark matter haloes associated with different masses. Although the transition from the inner region to the Hubble flow shows Figure 2 . Evolution of the density profile for a galactic-size halo. The vertical lines mark the virial radius at each redshift. The change in the virial radius by a factor of two since redshift z = 1 gives a false impression of a strong evolution of the halo. Yet, there was a very little evolution in the physical density in this halo since z = 1.
monotonically increasing radial velocity in the low-mass and the galactic-size halo, the situation is different for clusters where there is a significant tail in the velocity distribution with large negative velocities (see also Fig. 3 in Busha et al. 2003 ). This infall is altering the equilibrium of the particle distribution in the halo, and hence that region is no longer virialized, as already pointed out by Macciò et al. (2003) . This suggests a natural choice for the boundary of a dark matter halo, which is defined by the innermost radius in which mean radial velocity is equal to zero. In practice, we use a small threshold in order to reduce effects of the statistical noise. The deviation of the spherically averaged radial velocity profile from zero is a signature of non-virialization. For this reason the zero-velocity radius is defining the mass, which is associated to a halo. This radius will be hereafter referred to as the static radius, and the mass inside a sphere of this radius, as the static mass of the halo. Although the threshold in the mean radial velocity is somewhat arbitrary and may affect our results, we take advantage of the good statistics in our simulation boxes to reduce this threshold to only 5 per cent of the virial velocity Vvir ≡ p GMvir/Rvir of the halo. This allows us to get acceptable signal-to-noise ratios in the average profiles for all the mass ranges under study, without considerable overestimation of the virialized region. Individual haloes usually have similar radial profiles at a given range of mass. Thus, the analysis of the average halo profiles is reasonable. The radial profile of a given physical quantity is then obtained by getting the median value of this quantity over all the haloes in the sample for a given mass bin. This is done for every radial bin, which are logarithmically separated for convenience. For the innermost radial bins, there is an additional constraint: the median profile is representative of the halo sample at a radial distance R only if a large fraction (about 80 per cent) of the haloes in this sample contain at least 200 particles inside the sphere of radius R.
As mentioned above, there is an important mass dependence in the radial velocity distribution of the haloes. The analysis of the median radial velocity profile reveals a prominent infall for cluster-size haloes and a noticeable outflow for low-mass haloes, whereas galaxy-size haloes show a balanced situation between infall and outflow (see Prada et al. 2006 for more details). This is represented in Figure 4 . This general trend is dividing the total sample in two sets of haloes: those which are exceeding the threshold from below (infall), and those which exceed it from above (outflow).
Other properties of haloes also depend on halo mass. Figure 5 shows some of them for the same mass bins as in Figure 4 . Upper panels represent the radial and 3D velocity dispersions (see also Wojtak et al. 2005 for an extensive analysis of radial velocity moments in massive haloes, and Wojtak et al. 2008 for a phenomenological model which describes these). The radial velocity dispersion for haloes with higher concentration has a larger inner value in terms of the virial velocity ( Lokas & Mamon 2001) . In the outer region there is a local minimum, which radius and magnitude also show dependence on halo mass. In the bottom left panel we show the median density profiles multiplied by (r/Rvir) 2 in order to make more clear any change in their logarithmic slope. At smaller distances r < 0.1Rvir (not shown in the figure) curves start to decline because the slope is getting smaller than −2. It is also noticeable that beyond 1-2 Rvir the density profiles do not decrease as r −3 as for the NFW density profile. For a detailed parametrization far beyond Rvir see Tavío et al. (in preparation) . Finally, the bottom right panel shows the radial profile of the circular velocity, which by definition coincides with the virial velocity at r = Rvir. The maximum of this profile is again massdependent, as it is somewhat related to the inner concentration.
The analysis of the mean radial velocity profiles over all masses (similar to those in Figure 4 ) allows us to draw the relation between the static mass and the virial mass. This relation is shown in Figure 6 . Solid circles represent the Mstatic/Mvir ratio for the median profile built from all distinct haloes, while open circles show the same ratio for the median profile of isolated haloes. The isolation criteria here is that the nearest neighbour of a halo is further than three times the sum of the virial radii of both haloes. The uncertainty on this relation is difficult to estimate, as static masses could not be obtained for individual haloes. Our radial velocity profiles are too noisy (because of infalling and outflowing subhaloes) to distinguish the static region, and hence we stacked these profiles in order to analyse them. Thus, we calculate the halo-to-halo variation of this relation by measuring for each halo the mass inside the median static radius. In this way we obtain the Mstatic/Mvir ratio for isolated haloes, shown in this figure as dots. The distribution of this ratio has a long tail to large values of this ratio due to surrounding neighbours, which are inside the median static radius. Again, these unrealistic values of Mstatic/Mvir are due to the lack of a reliable determination of the static mass for individual haloes. There are no large differences between distinct and isolated haloes (except for those bins with poor statistics), so we take the Mstatic/Mvir relation for distinct haloes, as the isolation criteria reduces their number drastically.
The dependence of this relation with the virial mass is straightforward. The outflow in low-mass haloes is less prominent with increasing mass, and hence the ratio Mstatic/Mvir increases. A drop in this ratio occurs due to the transition to infall around 5 × 10 12 h −1 M ⊙ , and then it The ratio M static /M vir increases due to reduced outflow up to the first appearance of infall, making this ratio to decrease. Dashed line shows the approximation to two power laws connected where they cross each other, the parameters are those listed in Table 2 .
decreases due to higher infall with increasing virial mass. As it may be readily checked in Figure 4 , the lowest mass in which infall takes place is very threshold-dependent. To alleviate this, we assume that this relation is a continuous function which is fairly well approximated by two power laws:
log 10 (Mstatic/Mvir) =  α1 log 10 (Mvir) + β1 region 1 α2 log 10 (Mvir) + β2 region 2
where the mass is measured in units of h −1 M ⊙ . In Table 2 we list the values of the best-fitting parameters for α and β.
Interestingly, concentration of individual dark matter haloes decreases with static mass, in a similar way as it does with Mvir. This makes the ratio Mstatic/Mvir non sensitive to halo concentration. Again, the static mass of individual haloes is estimated by measuring the mass inside their median static radius corresponding to its virial mass bin as in Figure 6 . The Mstatic(c) dependence is similar to Mvir(c) because Mstatic is close to Mvir (the difference is less than a factor of two in the mass range under study). Hence correlations involving the logarithm of the mass can only change their zero point by ∼ 0.3 if we use the static mass instead of the virial mass. The values of the parameter α in Table 2 suggest that the slope would present also a small change of ∼ 5% which might be important in some correlations. In the particular case of the correlation between halo mass and halo concentration (e.g. Macciò et al. 2007 ), the replacement of virial mass to static mass introduces a modification which is small enough so that this correlation remains almost entirely unaffected.
ANALYSIS OF EQUILIBRIUM
Haloes of different mass clearly show very different structure. At small (r < Rvir) distances the main differences are due to the differences in concentration. The haloes inside the virial radius are nearly in equilibrium (with possible exception of the most massive clusters). At larger distances the differences are more complicated. Figure 4 and similar results in Prada et al. (2006) demonstrate that haloes of small mass have static radius few times larger than the formal virial radius. To make things even more complicated, the small haloes do not have an infall region. We can try to somewhat clarify the situation by applying the Jeans equation. In order to do this, we first need to measure the velocity anisotropy
In Figure 7 we show the median radial profile for β for the same mass bins as in Figure 4 . Inside the virial radius β is positive. Cluster-mass haloes have a familiar behaviour: β increases with distance and gets to β ≈ 0.3 − 0.4 around the virial radius. The real surprise came for the small galaxy-size haloes. After initial increase, β reaches maximum β ≈ 0.2 and then declines with distance. It goes almost to zero at r = (1 − 2)Rvir. At larger distances the velocity anisotropy is negative and approaches zero at very large distances. We should note that β = 0 does not mean nearly circular orbits. Orbits of dark matter particles or satellites are typically very elongated even for isotropic velocity ellipsoid: axial ratios are typically 1:4-1:5 for β = 0 and the NFW profile.
Why small haloes do not have a turn-around radius followed by an infall region? The top-hat model of non-linear . Velocity anisotropy profile for the same mass bins as in Figure 4 and Figure 5 . In the inner region the velocity anisotropy is preferentially radial. It changes to nearly isotropic in the outer regions with R ≈ (1 − 2)R vir followed by preferentially tangential at larger distances.
evolution is supposed to provide a reasonable description of what happens at large distances. Yet, it seems to be failing qualitatively for galaxy-size haloes, which do not have infall region and even show an outflow. Haloes are complex systems: they are not spherically symmetric and may have substantial substructure. Still, the spherically symmetric nonstationary Jeans equation is an undeniably significant improvement as compared with the top-hat model. The Jeans equation provides a simple approximation for the haloes. Assuming spherical symmetry the non-stationary Jeans equation can be written in the following form:
where vr is the radial velocity and v 2 c (r) = GM (< r)/r. When the rms velocities σr are negligible, the equation (3) is the normal equation of motion. Assuming a small initial perturbation and the Hubble flow, we recover the top-hat model. Yet, the haloes do not have small rms velocities even well outside the formal virial radius. Figure 8 illustrates the point. Even for the massive haloes, which typically dominate their environment, the rms velocities are relatively large. The effect is even stronger for less massive haloes. Another important component is the density gradient. Figure 2 shows that the density gradients exist at very large distances: at many virial radii. At z = 2 the density was on average steeply declining well outside its virial radius.
The left-hand-side of the Jeans equation has two terms. The first term describes non-stationary effects. It is the dominant term at early stages of evolution. The second term is related with the pressure gradient. It dominates in the virial part of the halo. If the system is stationary, the second term must be equal to the square of the circular velocity in the right-hand-side of the Jeans equation. We can call this term the equilibrium circular velocity:
We plot v c,equil in Figure 8 . For galaxy-size haloes (right panel) in the inner region r < (2 − 2.5)Rvir the term is very close to the right-hand-side of the Jeans equation, which means that the system is nearly in virial equilibrium. At larger distances the term falls short of the circular velocity: the halo is out of equilibrium. For clusters (the left panel) the equilibrium is only in the central r < Rvir region. Just outside of this region at r = (1 − 2)Rvir the equilibrium term v c,equil is substantially above the circular velocity vc. At the same range of radii the infall velocity is clearly detected. The upturn in the v c,equil is the cumulative result of two effects: increase in the slope of the density profile and substantial change in the velocity anisotropy. The same trend exists in the case of small haloes, but it is barely visible. At larger distances r > 2Rvir the equilibrium term v c,equil falls below the circular velocity.
Our analysis of the Jeans equation shows that the mean radial velocity is a good indicator of the virialization of a halo and that the low-mass haloes are nearly in virial equilibrium well beyond formal Rvir.
EVOLUTION AND SCALING OF HALO MASSES
Dark matter haloes grow by accreting mass from their outskirts. Haloes with small mass grow very slow at late times. Thus, in the past they must have experienced a remarkable infall, which has created extended virialized regions surrounding the haloes at present. In this section we study how this process of building of halo exterior was happening. For this reason we analyze our simulations at different redshifts. We then take the median of different halo properties using the same mass bins as in previous sections with masses ranging from 10 10 to 10 15 h −1 Mvir. As expected, the statistics in each mass bin is smaller at higher redshifts. Using these data we calculate the relation between static and virial mass for z = 0 − 2. When doing this analysis we take every halo at a given redshift without considering their relation with the final haloes at z = 0. The result is shown in Figure 9 , where we plot only the mass bins with enough statistics. At z = 0 the Mstatic/Mvir ratio increases with mass. Then it reaches maximum and starts to decline at large masses. Because of mass resolution we do not see the rising part of Mstatic/Mvir ratio at large redshifts, but the declining branch of the curve is better resolved, and we clearly see that the ratio gets below unity at large masses.
It is suggesting that the relation between static and virial mass is essentially scale-free for different redshifts up to z = 2. In order to test this hypothesis, we approximate the declining part of this relation by a power law Mstatic/Mvir = CM α vir , and then find the crossing point: Mstatic = Mvir. This solution M0 = M0(z) allows us to scale the static to virial mass relation for different redshifts. The results clearly overlap, indicating that there a universal (z−independent) static to virial mass relation shown in Figure 10 . This plot shows that the static to virial mass ratio is well fitted by two power-law with different slopes: where x ≡ Mvir/M0. This relation allows us to convert the virial mass, which is easier to be computed accurately in numerical simulations, to the static mass. In order to have a complete description of this relation for any redshift, it remains to be determined the redshift dependence of the mass scale M0(z). Although this dependence may suffer from the scatter in the determination of the static mass, it seems clear from Figure 11 that there is an approximate power-law dependence M0(a) = M0(a = 1)a γ , from z = 2 to z = 0. The best fit to our data 1 is given by:
It is worth of pointing that the absence of explicit redshift dependence in the relation between static and virial mass when the variable Mvir/M0 is used, allows an analytic and straightforward derivation of the relation between both mass accretions, i.e. taking the logarithmic derivative in equation (5) and using equation (6) we obtain:
where the dot refers to the derivative with respect to the scale factor a. However, this equation is no longer valid near the transition mass, where this derivative is not finite. Despite the mass scale M0 is not motivated by the physics of the formation of dark matter haloes (as opposed to e.g. M * ), it is the best way we found to encode the redshift dependence of Mstatic/Mvir. We have also explored the relation of this ratio with ν = δc/σ(M, z). However, we found a wider scatter for a given value of ν, with lower values of the ratio for increasing redshift, in particular for ν > 1. 1 We want to emphasize that halo virial mass is defined here with a overdensity criterion which evolves with time, as detailed in Section 2. The choice of non-evolving overdensity criterion will imply a change in the M 0 (z) relation.
MASS FUNCTION
The relation between the static and the virial mass is not monotonic, as we have shown before. This implies a change in the shape and in the amplitude of the distribution of the number density of haloes with a given mass, i.e. the mass function. As the virial mass is calculated accurately for all the haloes in our simulations, we may also obtain their static mass directly from the conversion formula given in equation (5). This allows us to estimate the static mass function of dark matter haloes and compare it to the virial mass function. We obtain very similar results taking the virial mass bins in Figure 10 and then shifting them according to their corresponding value of the ratio Mstatic/Mvir. The results are presented in Figure 12 . In spite of the fact that the mass function of Sheth & Tormen (1999) provides a very good fit for the virial mass (as shown in Figure 1 for the case of z = 0), we find that this analytic model is not a good description for the static mass function. Moreover, some authors using different definitions of virialized halo have already shown the presence of significant departures from the Sheth & Tormen function, see e.g. Macciò et al. (2003) .
Surprisingly, the mass function of Press & Schechter (1974) approximates really well our data at z = 0 in the mass range under study. In order to test robustness of our estimates of the static mass function, we changed different parameters (e.g., changed the threshold to 0.1Vvir in algorithm of detecting the static radius). Results are stable. We leave for future the investigation of the static mass function at its high mass end (Betancort-Rijo & Montero-Dorta 2006), because the poor statistics for the highest mass bins here prevents us from drawing any conclusion about it. The redshift evolution of the mass function is also shown in Figure 12 . We realize that the static mass function deviates from the corresponding Press & Schechter function at z = 1 and z = 2 so it is no longer described by this model. None the less, it is interesting that we can still recover the agreement with Press & Schechter by an overall increase in the static mass. This shift could be accounted for by the scatter in the M0(z) relation, which is very similar to this deviation. However it is not clear whether this deviation is an artifact due to resolution effects, so this remains as an open issue.
EVOLUTION OF THE MAJOR HALO PROGENITOR
We are now in a position to study the evolution of the mass, i.e. the mass accretion history, of dark matter haloes in cosmological simulations. So, we need to track the set of haloes identified by BDM at z = 0 back in time and then measure their static mass. Here we use a method similar to that in Ascasibar et al. (2007) . First of all, we pick up a sample of few hundreds of particles around the density maximum of every halo at z = 0. These particles are then tracked back to the highest redshift available in our cosmological simulation. Although it may occur that these particles no longer belong to the same object at that redshift, we take the particle which has a minimum sum of squared distances to the others in the sample, as an initial guess for the centre of the protohalo. Finally, we calculate the centre of mass around . Surprisingly, the PS mass function provides a very good fit to our data at z = 0. On the other hand, the mass function at higher redshifts deviates from the PS analytic model.
this position iteratively using the whole set of particles in the simulation box. After few iterations, we obtain the centre of the primordial peak of density which corresponds to our halo at z = 0. We then label some particles around this centre. This new set of particles will help us, by calculation of their centre of mass, to identify at every redshift the position of the halo which encloses them. Hence this halo, as the offspring of the main primordial peak corresponding to the halo at present, will be referred to as the halo major progenitor.
In our analysis we study the evolution of the progenitors from three different mass bins at z = 0: low-mass haloes (10 10.0 -10 10.5 h −1 M ⊙ ), galactic-size haloes (10 12.0 -10 12.5 h −1 M ⊙ ) and cluster-size haloes (10 13.5 -10
14.0 h −1 M ⊙ ). These ranges are selected in order to study the dependence of mass on our results with very good statistics: each bin contains more than a thousand of haloes. This allows us to calculate with good accuracy the median profiles for different physical quantities at every redshift from z = 0 to z ≃ 2. We keep this as the maximum redshift analysed here because the median radial profile is no longer well resolved (i.e. with more than 200 particles for the majority of the haloes) in the inner regions for higher redshifts. Thus, we cannot determine the size of the virialized region and hence we cannot go further in redshift.
The evolution of the mean radial velocity profile for the median halo is displayed in Figure 13 . Here we show that the time sequence suggested in Busha et al. (2005) for cluster-size haloes takes place even for low-mass haloes: the Figure 14 . The static to virial radius as a function of the redshift. It appears that this ratio behaves differently for each mass bin. The mass bins are the same as those on Figure 13 . Low-mass haloes have reduced their static region in units of R vir due to recent outflow. On the other hand, galaxy-size haloes are reaching a maximum on this ratio. Cluster-size haloes continue increasing this ratio as the infall is less prominent. mean radial velocity profile experiences infall in their outer parts while forming. Just after the infall is finished, there is an epoch in which some outflow appears, followed by a final profile with an inner virialized region and the Hubble flow 2 . Moreover, the time scale of this sequence seems to be mass-dependent: the analysis of Busha et al. (2005) finds this sequence in the future for cluster-size haloes, whereas low-mass haloes are already in the outflow phase at present. Galaxy-size haloes are now experiencing neither infall nor outflow, so the virialized region is reaching a maximum in units of the virial radius, as already shown in Figure 6 . This evolution is reflected in the redshift dependence of the static radius. In Figure 14 we illustrate the evolution of the ratio of static to virial radius. It is clear from this plot that low-mass haloes have already formed (the infall stopped when the maximum ratio took place) and they are even losing some of their virialized mass at present. Galaxysize haloes are reaching now this maximum, but for clustersize haloes the infall has not even finished.
The static mass accretion history is presented in Figure 15 . The solid, long-dashed and short-dashed lines show the evolution of the static mass of the median halo for three different mass bins, while the dotted line corresponds to their virial mass. The error bars are estimated using the halo-to-halo variation, calculating the mass inside the median virial radius for each dark matter halo, and taking the central 68 per cent of these values. Neither the uncertainty in the virial radius nor the scatter in the static vs. virial mass relation were taken into account. Despite of the scatter, some conclusions may be drawn from this plot. The recent assembly history is very mass-dependent: low mass haloes hardly experienced a change in their mass since z = 1, and their virial mass is under-predicting the average amount of matter inside them since z ≃ 2. On the other hand, galacticsize haloes have been increasing their static mass up to the present epoch, most likely due to halo relaxation. This process is responsible of the largest difference between the static and the virial mass at z = 0: the mass inside the virialized region is about a factor of two larger than the virial mass. Finally, cluster-size haloes are still increasing their mass at present, but the difference with respect to the virial mass is not so large. In fact, around z = 0.5 both static and virial mass should have been very similar. On the contrary, it is likely that they differ significantly at higher redshift.
We find for our median profiles that the function proposed in equation (3) in Wechsler et al. (2002) for the virial mass, Mvir(a) = Mvir(a = 1) exp (−δz) provides an excellent fit for the accretion history of the virial mass from z = 2 to z = 0. However, if we include this relation in our model given by equation (7), and solving the differential equation we obtain:
which fails to reproduce the evolution of the static mass when the discontinuity of the static vs virial mass relation takes place. This is reasonable as equation (7) is obtained when all the haloes (not just the progenitors of the haloes at z = 0) are taken into account. None the less, this starting point suggests the functional dependence of this evolution, so that a fit of the data to:
where both α and β are free parameters, provides a better description of the data. This function is very similar to that corresponding to the virial mass, but there is an extra factor which enhances the fit, in particular for low-mass haloes. Figure 15 . The mass accretion history of dark matter haloes. The evolution of the static mass is indicated by the crosses and the error bars, with their corresponding fit to equation (9) (solid, long-dashed and dashed lines for low-mass, galaxy-size and cluster-size haloes, respectively), while the dotted line shows the evolution of the virial mass, according to the parametrization by Wechsler et al. (2002) . The mass bins are the same as those on Figure 13 . The static mass inside low-mass haloes is nearly constant from z = 0.5 to z = 0. On the other hand, galaxy-size haloes increase their static mass even steeper than their virial mass, due to relaxation around haloes. Clusters are accreting mass, but also incorporating some of the recently virialized mass from their surroundings.
As we pointed out above, the recent increase in the mass of galactic-size haloes is mainly due to virialization of mass surrounding them. In Figure 16 we display the evolution of the density profile for the median galactic-size halo, which is similar to the profile for individual haloes as shown in Figure 2 . Only small variations in the density profile occur for the median galactic halo from z = 1 to z = 0, which correspond to a small variation of the mass inside a physical radius. However, these haloes experience an important growth of their static mass due to the expansion of the virialized region, as it is clear from Figure 13 .
DISCUSSION
A more realistic (physical) estimate of the halo mass might be crucial for some areas in cosmology which are sensitive to accurate values of the mass of dark matter haloes. For example, our results may be relevant for understanding the galaxy formation processes that happen inside dark matter haloes. Indeed, semi-analytical models of galaxy formation (e.g. Croton et al. 2006 ) might need to assess the impact of their predictions when the virial mass is no longer used. If the static mass and its evolution are used, one may get a more realistic picture of the structure formation process drawn from cosmological simulations. Moreover, recipes for star formation, AGN and supernova feedback and merging of galaxies are often taken from quantities of their corresponding dark matter haloes, such as their mass. Thus, the conclusions (e.g. colour-magnitude diagram, evolution of the stellar mass, etc.) from the analysis of these simulations using semi-analytical models of galaxy formation may be biased due to an underestimation of the mass associated to a halo if the former virial mass is considered, especially for the galaxy-size haloes such as the host of the Milky Way as we have reported in this work.
The precise determination of the halo mass function, in terms of the static mass, can also be very relevant. Mass function of cluster-size haloes must be predicted with special accuracy because the number density of galaxy clusters is a probe of fundamental cosmological parameters, such as dark energy. This is very important since the evolution of the mass function of galaxy clusters is taken as an almost direct measurement of the equation of state of dark energy ω = P/ρ (The Dark Energy Survey Collaboration 2005) and any statistically significant deviations in the measurements of the mass function of clusters from the predictions of the ΛCDM model, may be and likely will be interpreted as deviations of the dark energy from a simple cosmological constant.
Other possible observational implications of this work also deserve further investigation. It is noteworthy that the transition mass of ≃ 5 × 10 12 h −1 M ⊙ , that separates the infall and outflow regimes, is similar to the mass scale found by Dekel & Birnboim (2006) . Dekel & Birnboim (2006) argue that below M 10 12 M ⊙ the efficient early star formation may occur due to cold flows, as thermal pressure is not large enough to avoid the gas accretion from the outer gas reservoir to the inner core of the halo. On larger scales the heating due to virial shocks may shutdown the star formation. This different behaviour of the gas around dark matter haloes in simulations above and below this mass scale was proposed by Dekel & Birnboim (2006) as an explanation for the bimodality observed in many properties of galaxies such as the bimodality seen in the colour distribution of SDSS field galaxies. Thus, a given velocity pattern of infall or outflow in a dark matter halo of mass above and below 10 12 h −1 M ⊙ may be correlated with the fact that the galaxy within the halo belongs to the blue cloud or the red colour sequence, respectively. Yet, this is only an speculation which remains to be investigated. However, the mass scale for transition between infall and outflow is the same as the mass scale at which baryonic matter cannot penetrate the inner parts of the halo. At first glance this is just a matter of coincidence, as for higher redshifts the transition mass would be well below the mass scale of Dekel & Birnboim (2006) . Still, it is an interesting question whether the haloes experiencing infall of the dark matter also host galaxies, which grow fast by accreting baryons in their central regions.
Such correlations between galaxies and their host haloes could unveil some of the relations between dark and baryonic matter, and hence cast some light in the evolution of galaxies in the expanding Universe.
CONCLUSIONS
In this paper we use a set of high resolution N -body cosmological simulations for the analysis of the mass inside the region of dark matter haloes with no net infall or outflow velocities, i.e. the static region. Haloes show a typical radial velocity pattern which depends on their mass: low-mass haloes tend to display a region with outflow in their surroundings, while cluster-size haloes show a prominent infall velocity pattern. Galaxy-size haloes show an intermediate pattern with a sharper transition between the static region and the Hubble flow. We find that the former virial radius tends to underestimate the size of the region with zero mean radial velocity for haloes with masses 10 10 h −1 M ⊙ < Mvir 10 14 h −1 M ⊙ at z = 0. The mass inside this static region can be about a factor of two larger than the former virial mass, when the threshold defining the static radius is 5 per cent of the virial velocity Vvir = p (GMvir/Rvir). Lower values of the threshold ( 1 per cent) may lower this factor. However, we observe a clear trend in the Mstatic/Mvir vs Mvir relation which remains unchanged with this threshold: for low-mass haloes, this ratio is an increasing function of Mvir due to reduction in the outflow. On the other hand, high-mass haloes show a larger infall for larger Mvir, making this ratio to decrease. The maximum occurs at Mvir ≃ 5 × 10 12 h −1 M ⊙ , where the size of the static region is the largest in units of Rvir.
The mass function of objects whose mass is defined in the way presented here resembles that of Press & Schechter in the range of mass we have studied, but only at z = 0. At higher redshifts the static mass function deviates significantly from it. This disagreement could be accounted for by the scatter in M0(z), although it seems more likely that the resemblance with Press & Schechter at z = 0 is due to coincidence (in both shape and amplitude to within ∼ 20%) of the ratio fP S /fST with Mstatic/Mvir. Whatever the case may be, this resemblance is theoretically unexpected because the Sheth & Tormen function, which fits very well the mass function for virial masses, is derived from a more realistic approach (ellipsoidal collapse). In any case it seems clear that when the virial mass is used, the number density of dark matter haloes of a given mass at z = 0 might be underestimated in the mass range 10 10 h −1 M ⊙ < Mvir 10 14 h −1 M ⊙ .
The redshift evolution of the Mstatic-Mvir relation turns out to be very weakly redshift-dependent from z = 2 to z = 0 when appropriate variables are used. This dependence on the redshift is encoded as an evolving mass scale M0 which indicates the approximate mass at which Mstatic = Mvir in the declining part of the relation. By doing this, it is straightforward to derive from this relation a differential equation for the evolution of the static mass, provided that the evolution of Mvir and of M0 are already known. As we have shown in this paper, the evolution of the mass scale has an acceptable fit to a power law: M0 ≃ 2.8 × 10 15 a 8.9 h −1 M ⊙ . On the other hand, the evolution of the virial mass Mvir of the major progenitor is well described by an exponential law in z, as claimed by Wechsler et al. (2002) . Once we have fixed the evolution of Mvir and of M0, we solve this differential equation and we find a simple model for the evolution of the static mass of the major progenitor, i.e. Mstatic(z) = Mstatic(z = 0)(1+z)
−β e −αz , which turns out to be a very good fit to our data. In any case, there is a different behaviour for the evolution of the static mass in different mass bins. The static mass of low mass haloes is nearly constant from z = 0.5 to z = 0. Galaxy-size haloes keep growing at present, but the reason here is not the decreasing background density of the expanding Universe. Instead, the relaxation of the matter in the surroundings of these haloes is incorporating mass at even a higher rate than the unphysical growth of the virial mass. The same stands for clusters, although the static and virial mass are not very different at present.
